The stability of a single Belavin-Polyakov (BP) skyrmion in isotropic Heisenberg ferromagnet is studied. Such skyrmion is higher in energy than the uniform ferromagnetic state and is thus metastable. Starting from the lattice model in two spatial dimensions and using Maleyev-Dyson representation for spin operators, we examine the effects of magnon-magnon interaction for two quantities at T = 0. First we discuss the self-energy corrections to magnon energy. Second we analyze the two-particle Green's function and possible bound states of two magnons. The simplicity of the model makes possible full analytic treatment of all relevant processes. We found that the magnons remain well-defined quasiparticles with a finite lifetime. The bound states of two magnons are suppressed near the skyrmion, although they are not excluded far away from it. A resonance for the magnons of dilational mode in the vicinity of BP skyrmion is also found, which leads to a redistribution of the spectral weight. We conclude that the BP skyrmion as the classical topological object is not destroyed by quantum fluctuations.
I. INTRODUCTION
Topological defects in magnets is a topic of large interest today. Understanding their behaviour in external fields, their stability and other properties are important for developing and creating new types of memory [1] [2] [3] . Examples of such defects include domain walls and peculiar twisted magnetic structures called skyrmions. These skyrmions are topological objects, which means that they cannot be transformed to the trivial collinear magnetic order in a continuous fashion.
The pioneering work of Belavin and Polyakov (BP) 4 discussed skyrmions in ferromagnets with isotropic Heisenberg interaction. The proposed BP skyrmion solution provided a local minimum of the classical energy, but this energy was higher than for the uniformly magnetized state. This means that the BP skyrmion is a metastable solution, but is not unstable one because the spectrum of small fluctuations is non-negative. A number of theoretical works suggested various ways to lower the classical energy of the skyrmion state and thus make it energetically favorable [5] [6] [7] [8] [9] (see also 10 and references therein). This process of adding weaker interactions to the main Heisenberg Hamiltonian is called stabilization. In the context of condensed matter it was found both theoretically 5 and experimentally 11 that such stabilization can be perhaps most simply achieved by simultaneous presence of Dzyaloshinskii-Moriya interaction and the uniform magnetic field. For the fields in the appropriate range the skyrmion solution delivers the minimum to classical energy of the magnet. More precisely, the skyrmion ground state assumes the finite density of skyrmions, eventually forming the skyrmion superlattice or "skyrmion crystal". [12] [13] [14] [15] [16] Small fluctuations of localized moments around the skyrmion (static) ground state describe the magnon dynamics which can be studied, e.g. by corresponding Landau-Lifshitz equation 13 or within semiclassical linear spin-wave theory. 14 The quantum corrections to the obtained dynamical quantities are usually ignored by theorists, which may generally be justified by several arguments. First, the corrections correspond to the interaction of magnons, which is formally small in semiclassics by the inverse value of localized moment, 1/s. Second, it is well known that for the uniformly magnetized ferrromagnetic state the corrections to magnon energy, q , vanish for zero temperature, so that magnons are ideal quasiparticles. Third, the appearance of "stabilizing" additional interactions makes the analytical approach to the problem very hard: the numerics should be used already for determination of spectrum and wave functions, and further calculation of corrections becomes nearly impossible.
First two reasons to discard quantum corrections become questionable for s ∼ 1 and for non-uniform skyrmion static solution. The third reason of intractability is weakened in case of BP skyrmion for the isotropic Heisenberg interaction, where explicit analytical formulas are available. The consideration of the latter case provides a possibility to question the instability of topologically protected objects. The instability implies a spontaneous transition to the true ground state, whereas topological character of the metastable skyrmion prevents it from destruction by fluctuations. Such destruction is different from the recently studied case 17 of magnetic dynamics with dissipation.
In the present paper we study the effects of interaction between magnons in the presence of one BP skyrmion in two spatial dimensions and at zero temperature. This slightly artificial case allows us to fully employ analytical approach in the semiclassical 1/s expansion and explicitly find the leading contributions to the self-energy corrections and the two-particle magnon Green's function. The additional interest in the case of one BP skyrmion is related to the presence of three zero modes associated with three broken conformal symmetries of the problem 10, [19] [20] [21] , see also 18 . Any second-order quantum correction to the energy is non-positive and a strictly negative correction to zero modes would make the sys-tem unstable.
Ultimately we find that the corrections are parametrically small in low-energy sector and exactly vanish for zero modes, which means that magnons remain welldefined excitations in the presence of BP skyrmion. It means that although the skyrmion does not provide a global minimum in energy, the small fluctuations around this local minimum are long-lived. Two particle Green's function for the usual uniform ferromagnet is known to contain poles, corresponding to the bound states of two magnons. 22 Our analysis below shows that the corresponding quantity, the dressed four-vertex of interaction, is suppressed around BP skyrmion. The bound states may in principle be realized for small energies, but their wave-functions avoid the vicinity of the skyrmion. Our full non-perturbative treatment of infrared modes indicates that the BP skyrmion is the stable formation. The probability of transition to the true uniform ground state is apparently strictly zero at T = 0.
This said, we should also point out that the absence of true bound state in the vicinity of the BP skyrmion is accompanied by the appearance of the resonance in the 4-vertex of scattering of two magnons, related to soft dilational mode. This resonance lies in the continuum spectrum, is well defined in the limit of large s and leads to redistribution of the spectral weight in the Green's function for corresponding magnons. The resonance disappears in three dimensions and we provide a criterion for this crossover.
The rest of the paper is organized as follows. We formulate our model, and found an explicit form of interaction between magnons in the presence of one BP skyrmion in Section II. Focusing on the most interesting case of magnons, whose magnetic quantum number corresponds to zero modes, we discuss the self-energy corrections and the magnons' lifetime in Section III. The twoparticle Green's function is studied in Section IV, where the complete asymptotic solution of the Bethe-Salpeter equation for the dressed interaction is found. The generalization to the three-dimensional case is briefly discussed here. We present our conclusions in Section V. The density of magnon states is discussed in Appendix .
II. MAGNON INTERACTION IN PRESENCE OF THE SKYRMION
We start with the lattice Heisenberg exchange Hamiltonian:
in two spatial dimensions (2D). It is well known that the quantum fluctuations destroy the long-range order in 2D at any non-zero temperature, and we consider only the case T = 0. The non-interacting magnon Hamiltonian below (9) does not contain anomalous terms (cf. 14 ), so that zero-point motion of spins is absent and the average spin value has its maximum value, | S | = s. We assume that the normalized magnetization density n = S/s = (sin β cos α, sin β sin α, cos β is non-uniform and corresponds to Belavin-Polyakov skyrmion state 4 , explicitly
where r 0 skyrmion radius and we use the polar coordinates (r, φ) with the origin at skyrmion's center. Such configuration is characterized by topological charge Q = 1, with
In order to discuss the interaction of magnons below, we sketch the derivation of magnon Hamiltonian, starting from the lattice model. 10 The lattice model with localized moments allows the well-known Maleyev-Dyson representation for spin operators, preserving the spin commutation relations, [S a , S b ] = i abc S c :
with [a j , a † j ] = 1 and the semiclassical limit s 1 implied. Eq. (4) assumes that the magnetization S r is directed along the localẑ-axis and it is convenient to rewrite the Hamiltonian (1) in such basis. The transition to this local basis, S r =Û (r)S r , is given by the position-dependent matrix
with σ 3 , σ 2 generators of SO (3) group, and α, β, γ Euler angles. The Hamiltonian (1) takes then the form:
withR(r, n) =Û −1 (r)Û (r + n). We assume rapid decrease of J(n) with distance n, and slow variation of U (r) on the scale of lattice spacing, a. We expand the matrixR(r, n) in a Taylor series upon n and perform the variation of the classical energy on α, β, γ. This is done by putting a, a † to zero in (4). First non-trivial local minimum is given by Eq. (2) with r 0 a implied. Knowing the explicit expressions for matriceŝ U (r),R(r, n) (see 10 ) and using (4) we represent the appearing bosonic Hamiltonian as a formal expansion in small parameter 1/s :
The first term E class corresponds to the classical energy of the magnet: (8) is proportional to crystal volume, V , and gives the energy of uniformly magnetized sample, and the second contribution, δE = 4πCs 2 > 0 shows that the skyrmion configuration is higher in energy and independent of its size r 0 and orientation α 0 in (2).
The second term H (2) in (7) is quadratic in boson operators and describes the linear spin wave theory (LSWT) in ferromagnet in the presence of a skyrmion. In continuum limit at r 0 a we have
with the appearance of L z = −i∂/∂φ showing the chiral character of the skyrmion. The relevant information about the low-energy magnon states is given in Section III and in Appendix. In what follows, we measure distances in units of skyrmion size r 0 and the energies in quantities 0 = sCr
J 0 . The higher -order terms in (7) have the form
· a r a r ,
(10) and the last line forĤ (4) is obtained in the limit r 1 → r. The term H (5) int is shown here for completeness and is inessential for our analysis below.
The local magnon operators are given by a r = m, Ψ m, (r)a m, where Ψ m, (r) = e −imφ ψ m, (r) is the eigenfunction of H (2) with the energy, , and the angular momentum, −m . For our analysis it is convenient to use the mixed coordinate-frequency representation for Green's function:
In our notation there are three zero modes with = 0 and m = 0, 1, 2 of the form
which correspond to three conformal symmetries broken by the skyrmion. As explained in 10 , these functions with m = 0, 1, 2 correspond to translational symmetry, dilation/rotation of the skyrmion and special conformal symmetry (SCT), respectively. The breaking of the latter symmetry can be regarded as changing of the direction of spins at infinity, with a simultaneous shift in the skyrmion's position.
III. SELF-ENERGY CORRECTION
The self-energy correction is given by the general diagram shown in Fig. 1 . In the second order of perturbation theory the only contribution surviving in the limit T = 0 is depicted in Fig. 1a . This is the correction of order 1/s, and in higher orders this main diagram requires both dressing the Green's functions and the dressed 3-vertex, see Fig. 1b . As shown below, the dressing of 3-vertex is not important in most cases, but it is essential for the states with m = 1, corresponding to dynamical dilatation and rotation of the skyrmion.
In the lowest 1/s order the self-energy correction takes the form
The vertex amplitude Γ is defined by H
int in (10) as
The integration over φ here leads to specific selection rules for quantum number m, namely m + 1 = m + m . We show the decay processes involving "nearly" zero modes of Fig.2 . We observe that Γ({m, }) has a vanishing value at → 0. This statement becomes rather obvious when we represent the LSWT Hamiltonian in the form H (2) = A † rÂr withÂ r given in (10) andÂ † r its Hermitian conjugate. 10, 21 To calculate the matrix elements of the interaction operators, we write
for → 0, r 1, and c m, is the energy-dependent prefactor needed to provide the orthonormality of the set Ψ m, (r) in the definition of the Green's function, (11) . The quantity c m, is discussed at some length in Appendix and consists of two factors. First factor is the overall normalization ∼ 1/4 , which stems from the large 
with corresponding to external energy in Fig. 1a ; the latter integral is convergent at m < 2, logarithmic divergence at m = 2 is cut off by the largest of the energies. We obtain the retarded self-energy part in the form 
with integrable singularity inρ (1, ) . Clearly, the principal contributions to Σ(ω, m, ) are delivered by the internal lines with m 1,2 = 1, and the most troublesome contribution is given by the second vertex in Fig. 2 . For the imaginary part we have at ω → 0
with Heaviside function θ(ω) = 1 at ω > 0. Analytic continuation is done according to the rule
which leads to the estimate of the most singular part of full expressions :
The poles of the Green's function
define the renormalized magnon's energy. (We remind the reader that the 3-vertex is absent in case of uniform ferromagnetic state, and Σ is strictly zero at T = 0.) We see from (21) that the relative corrections Σ/ for low energies to the states m = 0, 2 are small and magnons remain well-defined quasiparticles. At the same time, the second-order correction to m = 1 state is not small and the calculation of higher order contributions is required. This is achieved by dressing the 3-vertex, as discussed in the next section.
IV. TWO-PARTICLE INTERACTION AND VERTEX CORRECTIONS
Let us now discuss the renormalization of the vertex H (4) int in (10) which defines the two-particle Greens' function. It is convenient to represent this function as the sum of two contributions, shown in Fig. 3a . One of them, called 1-reducible part, can be cut by one Green's function into two parts. The internal Green's functions should be dressed, but we saw above that the distinction between the dressed and the bare functions is inessential for m = 1. For m = 1 the situation is more delicate and we first proceed in this case with bare Green's functions and return to this point later.
The 1-irreducible part can be represented by a sequence of diagrams, leading to the Bethe-Salpeter (BS) equation, as shown in Fig. 3b . In our case the bare scattering amplitude of two magnons is obtained in the order 1/s as a sum of two contributions shown in Fig. 3c . One contribution is merely H (4) int and another contribution appears in presence of skyrmion and is the rung element of ladder sequence, symmetrized over the external legs.
The solution of the BS equation for the uniform FM ground state is characterized by poles in the renormalized vertex 22 . These poles signify the bound states of two magnons, occuring in any spatial dimension. For completeness we sketch the derivation of this fact in 2D case. In the uniform FM state the spectrum is k = k 2 and the vertex is given by double gradient term in H (4) int , which can be formally obtained from (10) by tending r → ∞. Let the total momentum of the incoming magnons be 2k. We parametrize the internal momenta in the diagram Fig. 3b as k ± p and arrive to the expression for the loop
with Λ ∼ J ultraviolet cutoff. The latter expression shows that in the BS equation
the denominator has poles at ω 2k 2 − exp(−16πs/k 2 ), i.e. slightly below the minimum energy of two magnons with the total momentum 2k. Notice that the large logarithm in (23) is obtained from integration over p k, where the incoming momenta are almost antiparallel.
In case of the skyrmion the situation is different. We write at first the expression for the bare 4-amplitude witĥ H (4) from (10) :
and notice that F ({m, }) remains finite in the zero energy limit, i → 0 for m i = 1, whereas F ({m, }) is singular when one of m i = 1. We are mostly interested in this limit, in which case the wave functions are given by (15) , and focus on the most singular case, all m i = 1, which corresponds to second line in Eq. The second type of diagrams in the combined vertex F in Fig. 3c , including the 3-vertices can be neglected in the considered limit of vanishing incoming energies. This statement is verified for the bare quantity,Ĥ (3) , which contains small energies of created or decaying magnon due to the operatorÂ r . The existence of additional energy factor in 3-vertex shows that the contribution of 1-reducible part in Fig. 3a can also be neglected in the limit of vanishing energies.
The loop Π for all m i = 1 is given by the expression
in line with the estimates (19) , (21) , with |ω| 1 assumed in the derivation. The Bethe-Salpeter equation takes then the form
with the constant F given by (26). The obtained expression shows that in the dressed interaction vertex there are no poles at negative ω, which corresponds to absence of the bound state. At the same time, for small positive total energy of the incoming magnons, ω = 1 + 2 , the dressed vertex (26) reveals a resonance, i.e. a pole in the complex plane of ω. It may be added that the above derivation is inapplicable for magnons with m = 0, 1, 2, whose wave functions are suppressed at the center. The estimate (26) becomes invalid and one should apparently use the interaction terms (10) at large distances, r 1, in which limitĤ (3) vanishes andĤ (4) is reduced to the product of gradient terms. That means that far from the skyrmion the picture of the usual ferromagnet is restored and we expect the existence of usual bound states. The argument in favor of bound states away from the skyrmion also refers to the fact of exponentially small bound energy, which implies very large distances as compared with the skyrmion radius.
Comparing the usual bound state (24) with the resonance obtained in (28), we observe that the usual bound state occurs at ω 2 − exp(−16πs/ ) > 0, i.e. above the vacuum energy, and below magnon continuum. The resonance stemming from (28) happens for s 1 at
which is slightly above the vacuum (classical) energy of a skyrmion configuration, Eq. (8); the resonance is well defined, Im ω 0 Re ω 0 , for exponentially large s. Restoring the energy units and measuring the energy from the uniform ferromagnetic state,
This energy is higher for smaller r 0 .
The resonance lies within the magnon continuum and there is a possibility for magnons to decay to the resonance, which is absent in the uniform Heisenberg ferromagnet and possible in our situation. It is manifested as an additional pole at positive energies in the magnon Green's function. Consider the renormalization of the 3-vertex depicted in Fig. 3d . Simple analysis shows that we can use the previous formulas for loop integration and write:
This expression justifies our omittance of the ladder terms in Fig. 3c and leads to the improved estimate for the self energy :
The last expression shows that, on one hand, we have better defined quasiparticles with ω at 0 < < |ω 0 |. On the other hand, it also shows a resonance at ω ω 0 in the Green's function (22) . The residue at the resonance is dependent on , has maximum at ω 0 and is logarithmically small for ω 0 as s −1 ln −2 ln −2 ω 0 . The damping at the resonance is largely independent of , and thus defines the characteristic time scale of the skyrmion,
0 O(ln −3 s). We note that the appearance of resonance is the main distinction between the bare and the dressed Green's function, G(ω, m = 1, ). This should lead to some modification ofρ (1, ) in Eqs. (17), (27) . The corresponding redistribution of the spectral weight around ω 0 is smooth for moderate values of s and can be neglected in our calculation.
Let us now briefly discuss the generalization of our analysis for the 3D case. We conisder the layered structure with the ferromagnetic exchange interaction between layers of strength 0 < J ⊥ < J 0 . The lowenergy spectrum for the uniform ferromagnetic case is E sCq 2 + 2sJ ⊥ (1 − cos q z ). We assume that the skyrmion configuration has the same form in plane as in 2D case and is independent of the third coordinate, z. Eq. (8) gives the skyrmion contribution to the classical energy δE = 4πCs 2 L, with L the system size in the third direction. The small-energy magnon spectrum is E = + C 3 q 2 z ; if we measure energy in units of 0 and q z in inverse interlayer distances then C 3 ∼ sJ ⊥ / 0 . The magnon wave function is now multiplied by the plane wave in the third direction, exp(izq z ). The vertices H (3) , H (4) include the integration over the third coordinate. The vertexĤ (3) in (10) remains the same, and H (4) has also the gradient terms in the third direction,
The most important part of the loop diagram with all m i = 1 now depends on the total momentum of incoming magnons in the third direction, k z , and takes the form, cf. (27) :
, and the expression for the last integrand is obtained for |ω| 1. In particular case, k z = 0, we estimate the most singular contribution as
For J ⊥ → 0 the expression (17) is restored. The crossover to 3D regime happens for C 3 ω 0 , i.e. at
In the latter case the value of Π becomes almost entirely imaginary, so that the resonance is not formed. The dressing of the 3-vertex Γ in this case leads to the obviously modified expression (31), which shows welldefined magnons. The characteristic timescale in this fully developed 3D case may be estimated from the relation |Π| ∼ s −1 which yields τ
V. DISCUSSION AND CONCLUSIONS
We discussed the stability of Belavin-Polyakov skyrmion in the Heisenberg ferromagnet for zero temperature. Such skyrmion is higher in energy than the usual uniform ferromagnet, and we discuss whether interaction between magnons can produce instability of this metastable state. The self-energy corrections due to magnon decay are calculated in 2D and 3D case, revealing no sizable effects in the small energy limit for all modes, except for the dilational mode, m = 1. The latter soft mode corresponds to the dilatation and change of orientation of the skyrmion, and is characterized by vanishing energy. The crucial difference of this mode from other soft modes is the singular weight, ∼ −1/2 , which characterized its wave-function at smaller distances and small energy,
0 . This anomalous weight stems from the necessity of normalization of eigenfunctions in the thermodynamic limit and can be understood as "tsunami effect'. Namely, a spin wave starting at the infinity with a small amplitude and small energy (and thus a small velocity ∼ √ ) is enormously enhanced when traveling close to the skyrmion core. Such hypersensitivity of the breathing mode, m = 1, results in the eventual formation of the well defined resonance state of two magnons with m = 1 in two dimensions. This resonance is observed in the solution of Bethe-Salpeter equation and is also manifested as an additional pole in the one-magnon Green's function for the breathing mode. In three dimensional case such resonance is not formed and we show a crossover scale between two regimes.
Our analysis suggests that the two particle Green's function, which demonstrated bound states in the usual ferromagnet, shows different behavior in presence of the skyrmion. In addition to formation of the resonance mode, the Bethe-Salpeter equation in 2D shows that the magnon scattering is logarithmically suppressed near the skyrmion in higher orders of semiclassical parameter, 1/s. No pole is found in the corresponding renormalized scattering amplitude. The latter property does not exclude the formation of bound states at the inifinity, whose wave-functon is hence non-uniform and avoids the vicinity of the skyrmion.
Our results were obtained for the special case of highly symmetric Hamiltonian and in the limit of large spin s. For this Hamiltonian and in the zero temperature limit the considered processes exhaust all possible contributions to spin dynamics and it means the results are qualitatively valid also for realistic spin values s ∼ 1.
Consideration of systems of lower spin symmetry, i.e. in the presence of Dzyaloshinskii-Moriya interaction and magnetic field, may modify our findings in several aspects. First of all, these additional interactions may lower the classical energy of the system in certain range of parameters. The quantum spectrum is now determined by the quadratic Hamiltonian, containing the anomalous terms in creation and annihilation operators and requiring an extended basis 14 . One can diagonalize this Hamiltonian by appropriate canonical transformation and come to proper magnon operators. The spectrum contains one zero mode, corresponding to the broken translational symmetry, while the previous dilatational and SCT modes acquire finite energy. One expects that the interaction vertices are much more complicated due to anomalous terms in quadratic Hamiltonian and necessity to operate in the extended basis. The calculated corrections to zero mode should however be absent by symmetry, and we expect the technical reason for this property in a special form of the decay 3-vertex amplitude, which will contain a half of spectral operator,Â r , see Eq. (10) . Our results about resonance in the dressed 4-vertex for dilational modes shall qualitatively be valid in the presence of additional interactions. Depending on relations between these interactions, one can suggest either a resonance or a true bound state below the continuum spectrum, which point requires further theoretical studies.
with c 1 0.681, in agreement with 21 . Now we need to place the skyrmion at the center of a disc of large radius R 1. At the edge of the disc the wave function is set to zero, and the nth eigenvalue ofĤ (2) with this boundary condition corresponds to nth zero of the Bessel functions in Eq. (A.3). We have at large kR 1 :
cos(kR − 3π/4 − δ) (A.6) which yields for nth eigenvalue kR − δ πn (A.7)
The summation over the quantum states, n, is eventually replaced by the integration over :
with the weight
The overall large prefactor R/k here is compensated in Green's functions (11) by the factor k/2R coming from the normalization of the wave function, 2π
